ROLLING MOTION AND CONSTRAINTS

The translational motion of a system is not related to its rotational motion unless some constraint is present.  If you throw a stick through the air, the translational velocity of the center of mass of the stick will not be related to the rotational velocity about the center of mass of the stick.  Gravity and air friction will affect the linear velocity differently than the angular velocity.  There is not a formula that will relate the linear motion of the stick to its rotational motion while the stick is in the air.
Rolling motion, circular motion, the motion of a system hinged or pivoted, and the motion of a system connected by strings or cables that pass over a pulley are examples of constrained motion.  For a system with a pivot, the linear and rotational motions are related by the PERPENDICULAR distance, r, from an axis passing through the pivot.  For circular motion, r is the radius of the circle.  For a string passing over a pulley connecting a system of objects, the linear motion of the string and the objects that attach to it and the rotational motion of the pulley are related by the radius of the pulley.  For a rolling object, the linear motion of the center of mass and the rotational motion around the center of mass are related by the radius of the rolling object, r.


Thus:  s = r
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A rolling object has the constraint that the point contact between the rolling object and the surface it rolls on is a static contact.  All other particles on the rolling object are moving except at the contact point.  At every instant of time, there is a different point on the object making a static contact with a different point on the surface.  Rolling motion requires rough contact between the rolling object and the surface. 
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The contact force between the object and surface is a static friction force.  This force does zero work because all static forces do zero work by definition.  If we can neglect the energy dissipated by air friction, the total mechanical energy of the rolling object will be conserved as it rolls up or down a hill.
 E = mgh = 0.5mv
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h is the vertical distance between the positions of zero angular speed and maximum
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To describe rolling motion we use Newton’s second law for the translational and rotational motion.
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For an object rolling up or down an incline at an angle 
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 to the horizontal, the linear acceleration of the center of mass is given by:
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The torque about the center of mass is given by:
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Solving these equations yields:
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The radius of gyration is defined by k = 
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r such that 
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