ROCKET EQUATION

A rocket is an example of a variable mass system.  For a variable mass system,
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The second term is the linear thrust.  We can apply the above equation to a rocket. 
 dm/dt is always negative and  
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Since the rocket looses mass, the value of dm/dt is negative which produces a minus sign in the thrust vector.

Thus,
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The second term is the linear thrust which acts like a force.  The negative sign is due to the loss of mass over time which causes the thrust vector to be in the opposite direction of the exhaust velocity vector.

We can apply this equation to empty space, or with a little math, near the surface of a large mass of negligible atmosphere where the gravitational force and the surface acceleration due to gravity are fairly constant.  Near the surface of a large mass, 
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 = km.  
Applying this form of external force to the above differential equation yields:
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This equation will separate if we multiply both sides by (dt/m).  Doing so yields:

Kdt = d
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We can integrate both sides and solve for one of the unknowns (m
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, t).  
Usually t
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 is defined as t = 0.

We have the following equation that can be solved for any single unknown.
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EXAMPLE

A rocket takes off from the surface of the moon where the force of gravity is mg/6.         The exhaust speed of the ejected gases relative to the moving rocket is 5000m/s. 
10 seconds after launch, the rocket is moving at 500m/s. 
What is the % of the original mass that remains?

First we make a chart of all the given or implied information.
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We must now evaluate the signs of
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We define the direction of the net external force vector as the positive direction. The gravitational force on the moon is F
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 and it points downward towards the center of the moon. 

The rocket starts at zero speed and gains speed in the upward direction. We infer that d
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points upward or in the NEGATIVE direction.  
The exhaust velocity will point downward or in the positive direction. 
When working rocket problems, you must draw a picture including the signs and directions of all three vectors. 
If we insert all this information into the rocket differential equation, neglecting units we have the following:

mg/6 = -m (dv/dt) -5000(dm/dt)

Multiplying both sides of the equation by (dt/m) yields:

gdt/6 = -dv – 5000dm/m

Integrating both sides yields:
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 = 10g/6 = -500 – 5000ln (m
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Doing a little algebra yields:
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 [(10g/6 +500)/ (-5000)] = m
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Thus, m
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 = 0.902m or 90.2% of original mass remains after 10s.

You will note that for an external force that is proportional to mass or for zero external force, the calculated values of the percent of mass remaining, the velocity, or the elapsed time do not depend on the mass of the rocket.  A 1kg rocket will behave the same as a 1,000,000,000kg rocket. 
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