A.8 Determinants and Cramer's Rule A-27

do, as the following calculation shows:
—18 —48 -1

-6 -16 -9
det B = —(—18) — (—48) — (=1) + (=6) + (~16) + (-9)
=18+48+1—-6—16~9=67-31=36.
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EXAMPLE 6 Evaluate the fourth order determinant

1 =2 3 1
2 1 0 2
b= -1 2 1 -2
0 1 2 1

Solution We subtract 2 times row 1 from row 2 and add row 1 to row 3 to get

1 -2 3 1
0 5 -6 0
b= 0 0 4 -1
0 1 2 1
We then multiply the elements of the first column by their cofactors to get
5 -6 0
D=0 4 -1{=5@+2)—-(-6)0+1)+0=236.
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Cramer’s Rule

. ay; a
If the determinant D =det A = | "' 2] = 0, the system
g ax
anx + apy = by,

)]

ayx + apy = b,

has either infinitely many solutions or no solution at all. The system

x+y=0,
2x+2y =0
whose determinant is
11 '
D= 2 9 =2-2=0

" has infinitely many solutions. We can find an x to match any given y. The system
x+y=0,
2x+2y =2
has no solution. If x + y = 0, then 2x + 2y = 2(x + y) cannot be 2.
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If D # 0, the system (9) bas a unique solution, and Cramer's rule stateg that
it may be found from the formulas

b] [23)) an bl

by, an ay by
= = y =1
D D (10

The numerator in the formula for x comes from replacing the first column in 4
(the x-column) by the column of constants b, and b, (the b-column). Rephcing
the y-column by the b-column gives the numerator of the y-solution.

EXAMPLE 7  Solve the system

3x—- y= 9,
x4+ 2y =—4.
Solution We use Egs. (10). The determinant of the coefficient matrix is
3 -1
D = ] 2'—6+1_-7.
Hence,
9 -1
=2 _18-4_14_
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Systems of three equations in three unknowns work the same way. If

ay 4ap2 4
D=det A= |ay ap axn|=0,
asy dz;  asz
the system
anx +apy +ainz = by,
anx +any +anz = by, (1)

a3 x +any +anz = by

has either infinitely many solutions or no solution at all. If D s 0, the system has
a unique solution, given by Cramer’s rule:

an by a3
an b axn|.
ay by ai

by ann ap
b, ap an
by axn axy

1
x=—
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a;; ap b
a an b
a3 an b

1
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The pattern continues in higher dimensions.




